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Abstract: A metamaterial is an artificial material designed to control the electric permittivity
and magnetic permeability freely beyond naturally existing values. A promising application is a
slow-light device realized using a combination of optical waveguides and metamaterials. This
paper proposes a method to dynamically control the slow-light effect in a metamaterial-loaded Si
waveguide. In this method, the slow-light effect (i.e., group index) is controlled by changing the
phase of the control light incident on the device from a direction opposite to that of the signal
light. The group index of the device could be continuously controlled from 63.6 to 4.2 at a
wavelength of 1.55 µm.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Metamaterials comprising periodically arranged metal nanostructures can exhibit extraordinary
optical properties not existing in nature [1,2]. This unique property enables to develop innovative
technologies for sophisticated optical manipulation such as sub-diffraction-limit lenses, the storage
of broadband light, and invisibility cloaking [3–8]. Introducing the concept of metamaterials to
waveguide optics has opened a novel field—magnetic permeability design—for semiconductor
photonic integrated circuits [9–13]. Tassin et al. [14] and Tsakmakidis et al. [15] conducted
pioneering studies in this field; they discovered a phenomenon called the slow-light effect in
permeability-controlled waveguides induced by the negative Goos–Hänchen shift. Subsequently,
various attempts have been made to create novel photonic devices using a combination of
waveguides and metamaterials, including the “trapped rainbow” light storage device [16],
unidirectional mode converters [17], waveguide-integrated mode selective antennas [18], and
ultra-compact optical modulator [19].

Inspired by the above results, we proposed a method to delay optical signals using a silicon-wire
waveguide with a metamaterial on its surface [20]. This method takes advantage of the slow-light
effect in the waveguide induced by a steep wavelength dispersion in the metamaterial. The optical
signal can be significantly delayed simply by attaching a metamaterial (split ring resonator) onto
the surface of the waveguide [21].
To use the above device as a functional device, it is indispensable to dynamically control

the slow-light effect with an external signal. However, once the shape of a metamaterial is
decided, it is difficult to change its optical properties. To this end, two promising approaches have
been proposed: one is changing the shape of the metamaterial using micro-electro-mechanical
systems (MEMS) [22] and the other is changing the characteristics of the material surrounding
the metamaterial [23–27]. In both the cases, the device structure becomes complicated, and the
compatibility with the conventional silicon optical circuit is poor.
In this paper, we propose a completely different approach to control the slow-light effect.
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2. Proposal of optically controlled method of the slow-light effect in metamaterial-
loaded Si waveguides

Figure 1 shows the schematics of the proposed method. In this method, the control light is incident
on a metamaterial-loaded Si waveguide (i.e., slow-light waveguide) [20,21] from a direction
opposite to that of the signal light, and a standing wave is generated in the waveguide. Here,
the node position of the standing wave is controlled by changing the phase of the control light,
and the magnitude of the interaction between the light and the metamaterial can be continuously
controlled. For example, when the control light is incident such that the signal light and the
control light are in phase at the center of the metamaterial, the signal light is strongly affected by
the wavelength dispersion in the metamaterial and exhibits a slow-light effect (Fig. 1(a)). On the
other hand, when the control light is incident such that the signal light and the control light are
out of phase at the center of the metamaterial, the propagation characteristics of the signal light
strongly reflect those of a normal Si waveguide (Fig. 1(b)). Compared with the conventional
dynamic control methods for metamaterials, the proposed method does not require an advanced
control function to be added to the metamaterial itself, and the operation speed is higher.
Figure 2 shows an example of optical buffering realized using this method. In this system,

we consider using a Si-based ring reflector with the metamaterial-loaded waveguide, an optical
phase shifter, and a Y-splitter. After input light signal is equally divided by the Y-splitter,
one is directly input to the metamaterial-loaded waveguide, and the other is input to the same
region through the phase shifter from the opposite direction (a length of the metamaterial-loaded
waveguide is smaller than one bit length of the input signal (10-40 Gbit/s)). Here, the output
signal is completely the same as the input signal because one loop in the reflector is exactly the
same in both clockwise and counterclockwise directions. Separately from that, a time delay
occurs in the output signal depending on the state of standing wave in the metamaterial-loaded
waveguide. When the state of standing wave in the metamaterial-loaded waveguide is set as
shown in Fig. 1(a) by controlling the phase shifter, the slow-light effect is obtained and the
output signal is delayed by several bits. On the contrary, when the state of standing wave in the
metamaterial-loaded waveguide is set as shown in Fig. 1(b), optical buffering is released. An

Fig. 1. (a)(b) Optical control of the group index of a metamaterial-loaded Si waveguide by
tuning the initial phase offset of two counter-propagating incident lights.
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Fig. 2. Example of optical buffering using a metamaterial-loaded Si waveguide.

electrical input corresponding to the header information is given to the phase shifter so that an
appropriate delay time for each signal can be obtained.

3. Analysis method for slow-light control of metamaterial waveguides

3.1. Metamaterial waveguide theory

In this study, the dispersion relationship of the metamaterial-loaded Si waveguide was established
by conducting a homogenization mode analysis [28] to reduce the significant calculation time. In
the homogenization mode analysis, we replaced the metamaterial and its neighborhood with a
hypothetical uniform layer with appropriate permittivity and permeability values (see Fig. 3(a)).
In a waveguide including the layer with anisotropic permittivity and permeability, the wave
equation for a TE-mode light can be written as

∂2Ex

∂y2
+
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ω2ε0µ0εxµz − β

2 µz
µy

)
Ex = 0, (1)
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where β is the propagation constant of the device along the z-direction, ω is the angular frequency,
ε0 is the permittivity of vacuum, µ0 is the permeability of vacuum, and Ex and Hz are the electric
field parallel to the x axis and magnetic field parallel to the z axis of the light, respectively. We
find from Eqs. (1) and (2) that Ex, Hz, and β are given by
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Fig. 3. (a) Cross section of a waveguide with a metamaterial uniform layer with appropriate
values of permittivity and permeability; (b) retrieval of permittivity and permeability values
from S parameters.

βm =

√
β2
µzm
µym
− ω2ε0µ0εxmµzm, (4)

where εxm is the x element of the relative permittivity tensor, µym and µzm are the y and z elements
of permeability tensors in the m-th layer, respectively, and dm is the thickness of the m-th layer.
At optical frequencies, the permeability tensors can be expressed using the identity matrix
except in the metamaterial uniform layer. Assuming an exponential decrease in Ex and Hz,
outside a waveguide, we can solve Eq. (3) and obtain the effective refractive index (= β/ω√ε0µ0).
Combining this method with the conventional equivalent-index method enables mode field
analysis of the metamaterial-loaded waveguides shown in Fig. 3(a).

The effective values of εx, µy, and µz of the metamaterial uniform layer can be determined from
the scattering parameters around the metamaterial calculated for incident plane waves introduced
along the y and z directions. As shown in Fig. 3(b), εx and µy can be determined from S11

A and
S21

A, εx and µz can be determined from S11
B and S21

B.

3.2. General formula for extracting the optical constitutive parameters of metamaterials
with two counter-propagating incident light waves

Although there is a highly versatile formula for extracting the optical constitutive parameters of
metamaterials from S-parameters, this formula cannot be used when two lights are inputted from
opposite directions, i.e., it works only when light is inputted from one direction [29]. Therefore,
in this section, we derive the general formula for extracting the optical constitutive parameters of
metamaterials with two counter-propagating incident light waves
In Fig. 4, the electric field parallel to x axis of input 1 is given by

E1x(r, t) = (Aeik+ ·r + Beik− ·r)e−iωt, (5)

where k+ = (kx, 0, kz), k− = (kx, 0,−kz) are wave vectors, A and B are the amplitudes of the
forward and backward propagating light, respectively. Using the effective complex refractive
index n, Eq. (5) is rearranged as follows:

E1x(z, t) = (Aeinkz + Be−inkz)e−iωt. (6)

where k is wavenumber in z direction, ω is angular frequency. Substituting Eq. (6) into Maxwell’s
equation

∇ × E = iωµ0µH(z, t). (7)
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Fig. 4. Two ports model for retrieving constitutive parameters of the metamaterial uniform
layer.

gives the following equation:

Hred1(z, t) = −
ink
µ
(Aeinkz − Be−inkz)e−iωt. (8)

where Hred1(z, t) = iωµ0Hy(z, t) is the magnetic field parallel to y axis of input 1, µ is the effective
permeability. Substituting z= 0 into Eqs. (6) and (8) gives the following equation:

E1(0, t) = (A + B)e−iωt, (9)

Hred1(0, t) = −
ink
µ
(A − B)e−iωt. (10)

From Eqs. (9) and (10), we have

Ae−iωt =
1
2

{
E1(0, t) −

µ

ink
Hred1(0, t)

}
, (11)

Be−iωt =
1
2

{
E1(0, t) +

µ

ink
Hred1(0, t)

}
e−iωt. (12)

On the other hand, assuming that the electric and magnetic fields of the input 2 have the phase
difference φ with respect to input 1, we have

E2(z, t) = eiφ{Beink(z−d) + Ae−ink(z−d)}e−iωt, (13)

Hred2(z, t) = −
ink
µ

eiφ{Beink(z−d) − Ae−ink(z−d)}e−iωt. (14)

In this study, length z of the metamaterial uniform layer was set to c/2nf (c: speed of light, n:
refractive index, f : incident frequency) because the position of the node of the standing wave
needs to match the array pitch of metamaterials in the device. Therefore, using Eqs. (9), (10),
(13), and (14), the electric and magnetic fields at an arbitrary position z are

E(z, t) = E1(z, t) + E2(z, t) = [{A − Beiφ}einkz + {B − Aeiφ}e−inkz]e−iωt, (15)

Hred(z, t) = Hred1(z, t) + Hred2(z, t) =
[
−

ink
µ
{A − Beiφ}einkz +

ink
µ
{B − Aeiφ}e−inkz

]
e−iωt. (16)
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Substituting Eqs. (11) and (12) into Eqs. (13) and (14), we have

E(z, t) = (1 − eiφ)cos(nkz)E1(0, t) − (1 + eiφ)
µ

nk
sin(nkz)Hred1(0, t), (17)

Hred(z, t) = (1 − eiφ)
nk
µ

sin(nkz)E1(0, t) + (1 + eiφ) cos(nkz)Hred1(0, t). (18)

From Eqs. (17) and (18), we have the following T-matrix:
E(z, t)

Hred(z, t)

 =


T11 T12

T21 T22




E1(0, t)

Hred1(0, t)

 =
(1 − eiφ) cos(nkz) −(1 + eiφ)

µ
nk sin(nkz)

(1 − eiφ) nk
µ sin(nkz) (1 + eiφ) cos(nkz)




E1(0, t)

Hred1(0, t)

 .
(19)

From the T-matrix, each element of the S-matrix can be obtained as follows:

S11 =
−2eiφ cos(nkz) − i

{
µ
n (1 + eiφ) − n

µ (1 − eiφ)
}
sin(nkz)

2 cos(nkz) − i
{
µ
n (1 + eiφ) + n

µ (1 − eiφ)
}
sin(nkz)

, (20)

S12 =
2(1 − ei2φ)

2 cos(nkz) − i
{
µ
n (1 + eiφ) + n

µ (1 − eiφ)
}
sin(nkz)

, (21)

S21 =
2

2 cos(nkz) − i
{
µ
n (1 + eiφ) + n

µ (1 − eiφ)
}
sin(nkz)

, (22)

S22 =
2eiφ cos(nkz) − i

{
µ
n (1 + eiφ) − n

µ (1 − eiφ)
}
sin(nkz)

2 cos(nkz) − i
{
µ
n (1 + eiφ) + n

µ (1 − eiφ)
}
sin(nkz)

, (23)

From Eqs. (20)–(23), the effective complex refractive index n and the effective complex impedance
µ/n can be expressed as

n =
1
kd

cos−1
{
1 − S211 + S221(1 + eiφ)(1 − eiφ)

2S21

}
=
√
ε
√
µ, (24)

µ

n
=

√√√
(1 + S11)2 − (1 − eiφ)2S221
(1 − S11)2 − (1 + eiφ)2S221

=

√
µ
√
ε
. (25)

where k is the wave number of the incident light, d is the dimension of a unit cell of the
metamaterial uniform layer, and φ is the phase difference between the two input lights. When the
coefficients of eiφ terms in Eqs. (24) and (25) are assumed 0 (i.e. in case with one incident light
wave), they have the same form as the conventional formula [29].

In this study, εx and µy of the metamaterial uniform layer were derived from Eqs. (24) and
(25) using the set of S11 and S21 shown in red in Fig. 3(b). µz was calculated by assuming that all
coefficients of eiφ terms in Eqs. (24) and (25) are 0.
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4. Optically controlled slow-light effect in metamaterial-loaded Si waveguides

In this section, the actual device characteristics are analyzed based on the theory described in the
previous section. Sections 4.1 and 4.2 discuss slow-light effects with and without control light.
In Section 4.3, we show that the magnitude of the slow-light effect (the real part of the group
index of the device) can be controlled continuously by changing the initial phase offset between
the signal light and the control light, and also discuss an intrinsic loss of the device.

4.1. Constitutive parameters of metamaterial uniform layers without and with counter-
propagating light

Figure 5 shows the values of the effective permittivity εx and permeability µy of the metamaterial
uniform layer, calculated in the frequency range of 160–240 THz along the polarization direction
of the incident light corresponding to those shown in Fig. 3(b). In the simulation, the dimensions
of the individual ring were set as l= 106 nm, w= 160 nm, a= 30 nm, and d= 30 nm to ensure that
the resonance occurs at an optical communication frequency of 193 THz (wavelength: 1.55 µm).
The unit cell of the metamaterial uniform layer was assumed to be a cuboid with width x= 200 nm
and height y= 250 nm (approximately one quarter of the wavelength or less). In addition, the
length z of the uniform layer was set to c/2nf (c: speed of light, n: refractive index, f : incident
frequency), because the node position of the standing wave needs to match the array pitch of the
metamaterials in the device.
In Fig. 5, the blue and red lines indicate the effective constitutive parameters without and

with the counter-propagating light with a π phase offset, respectively. When there is no counter
propagating light (i.e., normal light propagation in the metamaterial-loaded Si waveguide), the
permittivity and permeability exhibit a strong and sharp resonance at 193 THz, and all the
parameters exhibit significant wavelength dispersion. The real part of µy varies from 0.105
to 22.238 on both sides of the resonance frequency line, and the metamaterial array shifts the
permeability of its adjacent SiO2 cladding away from 1.
In contrast, when the counter-propagating light with a π phase offset is incident from the

opposite direction, the permittivity and permeability values (1.5 and 1, respectively) are almost
constant. These values strongly reflect those of a pure SiO2 bulk, because the nodes of the
synthetic wave are located at the center of the metamaterials.

Fig. 5. Effective constitutive parameters of the metamaterial uniform layer without and with
counter-propagating light with π phase offset.
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Fig. 6. (a) Calculated dispersion curves of the device without and with counter-propagating
(cp) light with π phase offset, plotted along with the light lines of the SiO2 cladding and
Si core; (b) wavelength dependence of the group index ng derived from the slope of the
obtained dispersion curve.

4.2. Dispersion relation and group index of metamaterial-loaded Si waveguides without
and with counter-propagating light

Using the calculated constitutive parameters of the metamaterial uniform layer, we derived the
dispersion relationship and the group index of the metamaterial-loaded Si waveguide from the
homogenization mode analysis with Eqs. (1)–(4). Figure 6(a) shows the dispersion relationship
of the device, plotted along with the light lines of the SiO2 cladding and the Si core (dashed black
lines). The red and blue points indicate the results without and with the counter-propagating
light with π phase offset, respectively. In the simulation, the Si-core width and height of the
device were set to 500 and 220 nm, respectively. In addition, the distance between the Si core
and the metamaterial uniform layer was set to 25 nm. When there is no counter-propagating light,
the dispersion curve of the metamaterial-loaded Si waveguide shows strong nonlinearity and
discontinuity in the vicinity of the resonance frequency, which reflects the sharp change in the
permeability. In contrast, when the counter-propagating light with a π phase offset is incident
from the opposite direction, the dispersion curve shows characteristics largely between those of
the two light lines.
Figure 6(b) shows the wavelength dependence of the group index ng derived from the slope

of the obtained dispersion curve shown in Fig. 6(a). The red and blue points indicate ng
without and with the counter-propagating light with π phase offset, respectively. Without the
counter-propagating light, the ng value is greater than 60 at the resonant frequency of 1.55 µm
(The device is supposed to be used for optical buffering as shown in Fig. 2, and we are considering
10-40 Gbit/s optical data transmission at 1.55µm. Under such situation, the chromatic dispersion
near at 1.55 µm is within the allowable range). In addition, the delay can be significantly enhanced
by increasing the number of rings, while the trade-off between the delay time and the propagation
loss should be considered an important factor. With the counter-propagating light, the group
index ng is almost constant in this wavelength range and is approximately 4.2, which is consistent
with that of a normal Si wire waveguide.

4.3. Slow-light control of metamaterial-loaded Si waveguides by tuning an initial phase
offset of two counter-propagating incident lights

Figures 7(a) and 7(b) show the real and imaginary parts of effective permeability µy of the
metamaterial uniform layer as a function of the initial phase offset between the two input lights,
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Fig. 7. Real and imaginary parts of effective permeability µy of the metamaterial uniform
layer as a function of the initial phase offset between two input lights, calculated at a
wavelength of 1.55 µm.

calculated at a wavelength of 1.55 µm. As shown in Fig. 7(a), when the initial phase offset
between the signal light and the control light is 0, the real part of permeability is high (∼ 3.6),
because the antinode of the standing wave is located at the center of the metamaterial in the
device. On the contrary, when the initial phase offset is π, the µy value is largely equal to that of
the SiO2 cladding layer and approaches 1, because the antinode of the standing wave is located
between the metamaterials. Figure 7(a) also shows that the real part of permeability of the
metamaterial uniform layer in the waveguide can be controlled continuously from 3.6 to 0.76 by
changing the initial phase offset between the signal light and the control light from 0 to π. On the
other hand, as shown in Fig. 7(b), the imaginary part of the permeability of the metamaterial
uniform layer also changes significantly at the resonance frequency of the metamaterial, which
leads to an intrinsic loss of the device loss.

Fig. 8. Real and imaginary parts of group index ng of the device as a function of the initial
phase offset, calculated at a wavelength of 1.55 µm.
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Finally, the group index ng of the device as a function of the initial phase offset was derived
from the dispersion characteristics obtained for each initial phase offset. Figure 8 shows the
results. Real part of ng can be continuously controlled from 63.6 to 4.2 at a wavelength of
1.55 µm by changing the initial phase difference between the signal light and the control light
from 0 to π (Fig. 8(a)). As a result, the slow-light effect can be controlled without adding an
advanced control function to the device. In addition, by changing the initial phase offset, the
imaginary part of the group index (i.e. intrinsic loss of the device) also changed from 44 to 0
at a wavelength of 1.55 µm (Fig. 8(b)). When performing optical buffering using this device,
it is appropriate to use the slow-light effect in a range where the imaginary part of the group
refractive index is relatively small.

5. Conclusion

A metamaterial is an artificial material designed to control the electric permittivity and magnetic
permeability freely beyond naturally existing values. A promising application is a “slow-light”
device realized using a combination of optical waveguides and metamaterials, which can
decelerate the group velocity of the guided light waves. To use the above device as a functional
device, it is indispensable to dynamically control the slow-light effect with an external signal.
However, once the shape of a metamaterial is decided, it is difficult to change its optical properties.
In this paper, we proposed a novel approach to control the slow-light effect. In this method,

the slow-light effect (i.e., group index) is controlled by changing the phase of the control light
incident on the device from a direction opposite to that of the signal light.
In this study, the dispersion relationship of the metamaterial-loaded Si waveguide was

established by conducting a homogenization mode analysis to reduce the significant calculation
time. Moreover, for deriving equivalent value of ε and µ of a unit cell including the metamaterial,
we formulated from the S-parameter calculated for two counter-propagating incident light waves.
From the result, by adjusting the phase offset, we confirmed that it was possible to control the
amount of influence of steep chromatic dispersion by the metamaterial, the group index of the
device could be continuously controlled from 63.6 to 4.2 at a wavelength of 1.55 µm.
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